Abstract Publications on the vibration of a Euler-Bernoulli beam carrying thin discs at the ends are available. In this paper the thin discs are replaced with rigid bodies, whose axial width is included in the analysis. The centre of mass of the bodies is assumed to be on the beam axis but away from the beam end. Among the boundary conditions considered are: the classical clamped, pinned, sliding of free; the lateral translation and rotation of an unrestrained rigid body; the translation and/or rotation of a restrained rigid body, and other special cases. The frequency equations and the first three frequency parameters are tabulated for several sets of the system parameters and selected combinations of 10 boundary conditions.
Introduction
The vibration of a cantilever carrying a thin disc is described in the textbook by McCallion [1] . Gorman [2] considered a free-free beam carrying particles at the end and a pinned-pinned beam with thin discs at the ends. Register [3] analysed a beam carrying thin discs at the ends and elastically restrained against rotation and translation. Rama Bhat and Kulkarni [4] and Rama Bhat and Wagner [5] considered a cantilever carrying a heavy body whose centre of mass is offset from the tip. Popplewell and Chang [6] applied the Rayleigh-Ritz method to a cantilever with a heavy body at the tip.
In the present paper, the vibration of a uniform Euler-Bernoulli beam to which a rigid body is attached at each end is analysed using elementary mathematics, mechanics and simple theory of bending. The centre of mass of the rigid body is assumed to be on the beam axis but away from the beam end. This is a valid model in several engineering fields, yet publications are not available. A total of 10 boundary conditions are considered here, which include the classical clamped, pinned, sliding or free, the unrestrained lateral and rotational displacement of a rigid body, the translation and/or rotation of a restrained rigid body, and a rigid body pinned at an arbitrary point and special cases. The principal system parameters are mass, moment of inertia and the centre-of-mass offset. The frequency equations are derived for the combinations of boundary conditions and the first three frequency parameters are tabulated for selected sets of system parameters. Examples are provided to illustrate the calculation of the system parameters. The problems considered in this paper cover a variety of types. The tabulated results may be used to judge frequencies obtained by numerical methods.
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Theory Fig. 1 shows a Euler-Bernoulli beam, AB, of flexural rigidity EI, mass per unit length m and length L, with two rigid bodies (G 1 and G 2 ) attached at A and B. The origin, O, of the coordinate system shown in Fig. 1 (a) coincides with A when the beam is in the undeflected position. The mass of the two rigid bodies are M 1 and M 2 , and the moments of inertia (about the axis through the centre of mass and normal to the x-y plane) are J 1 and J 2 , respectively. The centre of mass of G 1 and G 2 , are assumed to be on the x-axis. The centre-of-mass offsets, AG 1 = e g, 1 and BG 2 = e g,2 , are positive in the positive x direction. Some examples of positive/negative combinations of centre-of-mass offsets are shown in Fig. 1(a-d) . The vibration analysis is based on the Euler-Bernoulli theory of bending and the sign convention for a positive bending moment and shearing force are shown in Fig. 3 (a) (see below).
For free vibration at frequency w, if y(x) is the amplitude of beam displacement at abscissa x, the bending moment, M(x), shearing force, Q(x), and the mode shape differential equation are: 
Next, the dimensionless abscissa X, the mode shape Y(X), operators D and D n , the dimensionless bending moment M(X), the shearing force Q(X), frequency Ω, and the frequency parameter a are defined as follows:
The expressions in equation 1 can be written in dimensionless form as follows:
The solution of the dimensionless mode shape differential equation is: (4) where C 1 through to C 4 are constants of integration.
The boundary conditions
The boundary conditions considered in this paper are combinations of those shown in Fig. 2 . The classical clamped, pinned, sliding and free boundary conditions are shown in Fig. 2 Table 3 .)
The mass parameter, d j , the moment of inertia parameter ∆ j , the centre-of-mass offset parameter e g,j and the pin position parameter e p,j ( j = 1, 2) are defined as follows: (5) in which j = 1 refers to the end A and j = 2 to end B.
The unrestrained rigid body
The unrestrained rigid body shown in Fig. 2(d 2 ) is free to translate and rotate. The free-body diagram of the body at A (d 1 < 0, ∆ 1 < 0) is shown Fig. 3(a) (for positive centre-of-mass offsets). Compatibility of moments and forces leads to the following equations in dimensionless form: (6) Equation 4 must satisfy equation 6, which allows two of the constants in equation 4 to be eliminated and one gets the mode shape as: 
where the coefficients g 1 , g 2 , h 1 and h 2 are:
An alternative form of the mode shape function is:
in which the coefficients g 1 , g 2 , h 1 and h 2 are: The 'degenerate' and 'special' boundary conditions The 'degenerate' boundary conditions occur when d 1 and/or ∆ 1 = 0 or → ∞. 'Special' cases occur when restrictions are imposed on translation or rotation. The mode shape equation (8 or 9) are not applicable to these boundary conditions. The mode shape functions U(X) and V(X) for these cases are presented below, in relation to the boundary conditions illustrated in Fig. 2 . 
, which must be satisfied by equation 4 and one gets:
in which the coefficients g 1 , g 2 , h 1 and h 2 are:
In this boundary condition, a body is attached to the beam, which is pinned at A. This is a special case of that shown in is applicable and the reduced form is:
Here, a thin disc is attached to the beam, which is pinned at A. This is a special case of that shown in Fig. 2 (b 2 ), and equation 15 is applicable, with e g,1 = 0.
Fig. 2(c 1 )
A body is attached at A that is constrained to slide transversely without rotation 
in which the coefficients w 2,1 , w 2,2 , and w 2,3 are:
The mode shape equation 7 must satisfy equation 17. For a non-trivial solution, the coefficient matrix must be singular. For the unrestrained body at B, the frequency equation is:
are obtained from the functions applicable to the boundary conditions at A.
For the degenerate and 'special' types of support (boundary condition) at B, the frequency equations are as set out below. Here, the body at B is pinned at P 2 , where 
The body is attached at B and pinned at B. The frequency equation (23) is applicable, with e p,2 = 0. The reduced form is:
(24)
Fig. 2(b 1 )
A thin disc is attached at B and pinned at B. The frequency equation (23) is applicable, with e p,2 = 0 and e g,2 = 0. The reduced form is:
The body is attached at B but is constrained to slide transversely without rotation 
The natural frequency calculations
The system parameters are: 2 . Depending on the boundary conditions, some of the parameters will be zero or will not enter the frequency equation. As there are eight parameters, it is not possible here to present all the results in graphical or tabular form.
The end-bodies unrestrained The boundary condition (at each end) is that shown in Fig. 2(d 2 ) and is denoted by (d 2 , d 2 ) . Note that e p,1 and e p,2 are not needed here. For the selected set of system parameters d 1 , ∆ 1 , e g,1 , d 2 , ∆ 2 , e g,2 (none of which is infinity), a trial frequency parameter a (of 0.1, say) was assumed. The coefficients g 1 , g 2 , h 1 , and h 2 were calculated from equation 8a and inserted into equation calculate the left-hand side of equation 18 to yield a 'remainder'. The trial value of the frequency parameter was changed in steps of 0.1 and calculations were repeated until a sign change in the 'remainder' occurred. This indicates a 'range' within which a root is present. The 'search' was made in this 'range' with a step change of 0.01 in the trial frequency, thus narrowing the 'range' within which a root was present. An iteration procedure based on linear interpolation was invoked to obtain the root to a pre-assigned accuracy. The 'search' was continued from this root to obtain the second root and so on.
The first three non-zero frequency parameters are tabulated in Table 1 Table 2 .
The 'degenerate' cases The relevant system parameters were chosen from the set
For example, if the end body at A is supported as in Fig. 2(c 1 ), ∆ 1 , ε g,1 and ε p,1 will not enter the calculations; or if the end body B is supported as in Fig. 2(b 3 ), d 2 , ∆ 2 , e g,2 and e p,2 will enter the calculations. table) and
Consider, for example, the boundary conditions (c 1 , b 2 ), that is, the left-hand endbody system (A) is sliding and the right-hand end-body system is pinned at B. Table 3 .
Conjoint systems
If one denotes the frequency parameter a[(i, j), (d 1 , ∆ 1 , e g,1 , e p,1 ), (d 2 , ∆ 2 , e g,2 , e p,2 )] in which i or j ≡ a 0 through to d 2 denotes the boundary condition at A and B, respectively, then:
The frequency parameters of the corresponding conjoint systems are presented in Table 4 .
Limiting cases
If d is increased indefinitely and ∆ is kept small, a pseudo-pinned condition is approached asymptotically. A near-sliding condition is approached if ∆ is increased indefinitely and d is kept small. If d and ∆ are increased indefinitely, a pseudoclamped condition is approached. In Table 4 BC = boundary conditions as set out in Fig. 2 , at points A and B, respectively (see Fig. 1 ). System parameters:
∆ 1 = ∆ 2 was chosen. Pseudo-sliding-sliding boundary conditions are approached when
The fundamental frequency is small and close to rigid-body translation. Computation of the fundamental frequency failed in double precession and is shown by uuu in Table 4 . Pseudo-clamped-clamped boundary conditions are approached when
Here, the near-free body translation frequency is very small but the near-free body rotation is not very small.
4 , ∆ 1 = ∆ 2 = 10 3 is closer to a clamped-clamped condition and here the fundamental and second frequencies are very small but the third is very nearly equal to that of the classical clamped-clamped beam.
In Table 5 , the first three frequency parameters of Example symmetrical systems .977 rad/s, w 2 = 342.247 rad/s and w 3 = 613.211 rad/s. Because of symmetry, the mode shapes will be similar to those of a free-free uniform beam. There will be two nodes at the first non-zero frequency mode, three nodes at the second mode, and so on. For odd modes, the slope at the mid-point of the beam is zero; and for even modes, the mid-point is a node. The system shown in Fig. 4(b) is 'half ' that shown in Fig. 4(a) Fig. 4 (a) coincide with the frequencies of system shown in Fig. 4(b) . The boundary conditions of the system shown in Fig. 4(c) are (b 0 , d 2 ) . The system parameters are the same as those of Fig. 4(b) . The first three frequency parameters are a 1 = 2.31477, a 2 = 4.21379 and a 3 = 7.14158 and the corresponding natural frequencies are w 1 = 342.247 rad/s, w 2 = 1134.149 rad/s and w 3 = 3257.711 rad/s. Note that the even mode frequencies of the system shown in Fig. 4 (a) coincide with the frequencies of system shown in Fig. 4(c) .
The system shown in Fig. 4(d) is pinned at A and at B; that is, the boundary conditions are (b 2 , b 2 ). The system parameters are the same as those in Fig. 4(a) . The first three frequency parameters (calculated from equation 24 with U(1) and V(1) obtained from equation 15) are a 1 = 2.78492, a 2 = 4.33466 and a 3 = 5.76100 and the corresponding natural frequencies are w 1 = 123.848 rad/s, w 2 = 300.037 rad/s and w 3 = 529.981 rad/s. Because of symmetry, the frequency modes will be similar to those of a pinned-pinned uniform beam. The first mode shape will not have a node, the second mode will have one and so on. For odd modes, the slope at the mid-point of the beam is zero; for even modes, the mid-point is a node. The system shown in Fig. 4 (e) and 4(f) are 'half' that in Fig. 4(d) . The boundary conditions of the system in Fig. 4(e) is (c 0 , b 2 ) and the first three frequency parameters are a 1 = 1.39246, a 2 = 2.88050 and a 3 = 5.55122 and the corresponding natural frequencies are w 1 = 123.848 rad/s, w 2 = 529.981 rad/s and w 3 = 1968.346 rad/s. The odd mode frequencies of the system shown in Fig. 4(d) coincide with the frequencies of system shown in Fig. 4(e) . The boundary conditions of the system in Fig. 4(f) is (b 0 , b 2 ) and the first three frequency parameters are a 1 = 2.16733, a 2 = 4.07300 and a 3 = 7.09351 and the corresponding natural frequencies are w 1 = 300.037 rad/s, w 2 = 1059.629 rad/s and w 3 = 3214.006 rad/s. The even mode frequencies of they system shown in Fig. 4(d) coincide with the frequencies of system shown in Fig. 4(f) .
Concluding remarks
The vibration of a Euler-Bernoulli uniform beam carrying a rigid body at each end was considered in this paper. Combinations of boundary conditions were considered: classical clamped, pinned, sliding or free, the translation and rotation of an unrestrained end-body, the translation and/or rotation of a restrained end-body and special boundary conditions. The frequency equations were expressed as a secondorder determinant equated to zero. Schemes were presented to obtain the elements of the determinant and to calculate the natural frequency parameters. The first three frequency parameters of a beam with a body attached at its ends and 'free' to translate and rotate were tabulated. The next case considered was where the end-body is pinned. Special and degenerate combinations of boundary conditions were classified into 100 types. The first three frequency parameters were tabulated for selected sets of system parameters. Combinations of classical 'clamped', 'pinned', 'sliding' or 'free' boundary conditions were not included.
